We discuss the abelian vortex dynamics in the abelian projection approach to non-abelian spin models. We show numerically that in the three-dimensional SU(2) spin model in the Maximal Abelian projection the abelian off-diagonal vortices are not responsible for the phase transition contrary to the diagonal vortices. A generalization of the abelian projection approach to SU(N) spin models is briefly discussed.
Introduction
One of the important phenomena in spin models is the mass gap generation. This phenomena have intensively been studied for the abelian spin models in various space dimensions. Classical papers by Berezinskii, Kosterlitz and Thouless [1] show that in 2D XY model the mass gap generation is due to the condensation of vortices. In the three-dimensional XY model the condensation of vortices also leads to the mass gap generation [2, 3] . The nature of mass gap in non-abelian spin systems has been discussed in Ref. [4] .
Recently a mechanism of the mass gap in non-abelian spin models has been proposed [5] . This mechanism is based on the abelian projection method [6] which was originally invented for non-abelian gauge theories. After abelian projection the nonabelian spin system possesses abelian symmetries and abelian topological excitations (vortices). The abelian degrees of freedom seems to play an important role in the mass gap generation phenomena due to the abelian dominance [7] which was observed for 3D SU(2) spin model in the Maximal Abelian (MaA) projection a in Ref. [5] . The 3D SU(2) spin model possesses two types ("diagonal" and "off-diagonal") of the abelian vortices. The diagonal vortices were shown to be condensed in the massive phase and they form the dilute gas in the massless phase. In this paper we study the behavior of the off-diagonal vortices across the phase transition. The generalizations of the abelian projection approach to the SU(N) spin models is discussed at the end of the paper.
2 Off-Diagonal Vortices in SU (2) Spin Model
We study the three-dimensional SU(2) spin model with the following action
where U x are the SU(2) spin fields and β is the coupling constant.
The Maximal Abelian projection for the SU(2) spin theory is defined by the following maximization condition [5] :
The functional
Due to the invariance of the functional R under the abelian gauge transformations, the condition (2) fixes the
The phases θ = arg U 11 and χ = arg U 12 behave as the O(2) spins under the abelian gauge transformation [5] . In the abelian projection the SU(2) spin model possesses two types of the abelian vortices due to the compactness of the residual abelian group. These vortices correspond to the diagonal (θ) and to the off-diagonal (χ) abelian spins ("diagonal" and "off-diagonal" vortices, respectively).
The behavior of the diagonal vortices was studied in Ref. [5] . The diagonal abelian vortices are condensed in the massive phase and they form the dilute gas of the vortex anti-vortex pairs in the Coulomb phase. This behavior is very similar to the behavior of the abelian vortices in 3D XY model [2, 3] , where the vortices are known to be responsible for the mass gap generation. This similarity allows to conclude that the diagonal abelian vortices in the MaA projection of SU(2) spin model are relevant degrees of freedom for the mass gap generation [5] . In present paper we study the a The MaA projection was first used for study of the lattice non-abelian gauge theories in Ref. [8] .
condensation properties of the off-diagonal vortices in the MaA projection across the phase transition.
We construct the off-diagonal vortex trajectory * j o from the spin variables χ using the standard formula [9, 10] :
, where the square brackets stand for "modulo 2π" and the operator "d" is the lattice derivative. In the three dimensions the vortex trajectories are loops which are closed due to the property d 2 = 0. The condensation of the vortex trajectories can be studied by measuring of the so-called percolation probability [3] C:
where the summation is over all the vortex trajectories j i , and over all the points x, y of the lattice.
If there is a non-zero probability for two infinitely separated points to be connected by a vortex trajectory then the quantity C is not zero. This means that the entropy of the vortex trajectories dominates over the energy of vortices, which means in turn that the vortex condensate exists in the vacuum. If the vortex trajectories form an ensemble of small loops (the gas of vortex-anti-vortex pairs) then the quantity C is obviously zero.
We studied the quantity C by numerical methods on the 16 3 lattice with periodic boundary conditions. In our numerical simulations the Wolff cluster algorithm [11] has been used. In order to thermalize the spin fields at each value of the coupling constant β we performed a number of thermalization sweeps, which is much greater than measured auto-correlation time.
We show the percolation probability C for both diagonal (taken from Ref. [5] ) and off-diagonal vortex trajectories in Fig. 1 . One can see that the percolation probability of the off-diagonal vortex trajectories does not vanish in the massless phase contrary to that of diagonal vortices. This allows us to conclude that the off-diagonal vortices do not play a significant role in the mass gap generation b and that the only diagonal sector of the SU(2) spin model in the MaA projection is responsible for the mass gap.
The MaA projection for SU (N ) spin models
The generalization of the MaA projection to the SU(N) spin models is quite straightforward. The maximization functional is
where the index h runs over the Cartan subgroup of the SU(N) group and λ a are the generators of the SU(N) group. The functional R is invariant under [U (1) ]
The properties of the diagonal and off-diagonal vortices in the SU (2) spin model are very similar to the properties of, respectively, the monopoles and minopoles in the MaA projection of the SU (2) gluodynamics, respectively [12] . The percolation probability C for the diagonal (circles) and anti-diagonal (squares) abelian vortex trajectories vs. β on the 16 3 lattice. The data for diagonal vortex trajectories is taken from Ref. [5] .
